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FEM FOR 3D SOLIDS

9.1 INTRODUCTION

A three-dimensional (3D) solid element can be considered to be the most general of all solid
finite elements because all the field variables are dependent of x, y and z. An example of a
3D solid structure under loading is shown in Figure 9.1. As can be seen, the force vectors
here can be in any arbitrary direction in space. A 3D solid can also have any arbitrary
shape, material properties and boundary conditions in space. As such, there are altogether
six possible stress components, three normal and three shear, that need to be taken into
consideration. Typically, a 3D solid element can be a tetrahedron or hexahedron in shape
with either flat or curved surfaces. Each node of the element will have three translational
degrees of freedom. The element can thus deform in all three directions in space.

Since the 3D element is said to be the most general solid element, the truss, beam, plate,
2D solid and shell elements can all be considered to be special cases of the 3D element.
So, why is there a need to develop all the other elements? Why not just use the 3D element
to model everything? Theoretically, yes, the 3D element can actually be used to model
all kinds of structurural components, including trusses, beams, plates, shells and so on.
However, it can be very tedious in geometry creation and meshing. Furthermore, it is also
most demanding on computer resources. Hence, the general rule of thumb is, that when a

Figure 9.1. Example of a 3D solid under loadings.

199
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structure can be assumed within acceptable tolerances to be simplified into a 1D (trusses,
beams and frames) or 2D (2D solids and plates) structure, always do so. The creation of a
1D or 2D FEM model is much easier and efficient. Use 3D solid elements only when we
have no other choices. The formulation of 3D solids elements is straightforward, because
it is basically an extension of 2D solids elements. All the techniques used in 2D solids
can be utilized, except that all the variables are now functions of x, y and z. The basic
concepts, procedures and formulations for 3D solid elements can also be found in many
existing books (see, e.g., Washizu, 1981; Rao, 1999; Zienkiewicz and Taylor, 2000; etc.).

9.2 TETRAHEDRON ELEMENT

9.2.1 Strain Matrix

Consider the same 3D solid structure as Figure 9.1, whose domain is divided in a proper
manner into a number of tetrahedron elements (Figure 9.2) with four nodes and four surfaces,
as shown in Figure 9.3. A tetrahedron element has four nodes, each having three DOFs

&
S\ N\

Figure 9.2. Solid block divided into four-node tetrahedron elements.

z=27 up

Figure 9.3. A tetrahedron element.
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(#, vand w), making the total DOFs in a tetrahedron element twelve, as shown in Figure 9.3.
The nodes are numbered 1, 2, 3 and 4 by the right-hand rule. The local Cartesian coordinate
system for a tetrahedron element can usually be the same as the global coordinate system,
as there are no advantages in having a separate local Cartesian coordinate system. In an
element, the displacement vector U is a function of the coordinate x, y and z, and is
interpolated by shape functions in the following form, which should by now be shown to
be part and parcel of the finite element method:

U"(x,y,2) = N(x, y, 2)d, 9.1)

where the nodal displacement vector, d,, is given as

")

U1
wq
us
v displacements at node 2
d={ " 9.2)
us
V3 displacements at node 3
w3
ug
V4 displacements at node 4
w4

displacements at node 1

and the matrix of shape functions has the form

node 1 node 2 node 3 node 4
—— —— —— ——
Ni 0O O N, O ON3 O ONg O O (9.3)
N = 0O N O ON O O N3 O O Ng O

0 0 NN O O Ny O O N3 O O Ng

To develop the shape functions, we make use of whatis known as the volume coordinates,
which is a natural extension from the area coordinates for 2D solids. The use of the volume
coordinates makes it more convenient for shape function construction and element matrix
integration. The volume coordinates for node 1 is defined as

Vp234
1 =
V1234

94

where Vpy34 and V1234 denote, respectively, the volumes of the tetrahedrons P234 and 1234,
as shown in Figure 9.4. The volume coordinate for node 2-4 can also be defined in the same
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=

2=j

Figure 9.4. Volume coordinates for tetrahedron elements.

manner:
Vpi34 Vpi24 Vpi23

2= ) 3= ) 4 =
Vi234 Vi234 Vi34
The volume coordinate can also be viewed as the ratio between the distance of the point P
and point 1 to the plane 234:

9.5)

dp_ dp_ dp_ dp—
_dpose 0 dpoia 0 dpoia 0 dpoins

Ll - ) 2 - ’ 3 - L) 4 - (96)
dy 234 dy 234 dy-234 dy 234
It can easily be confirmed that
Li+Ly+ L3+ Ls=1 9.7
since
Vp234 + Vpiza + Vpiaa + Vpioz = Viog 9.8)
It can also easily be confirmed that
L= 1 at the home node i . 9.9)
0 at the remote nodes jkl

Using Eq. (9.9), the relationship between the volume coordinates and Cartesian coordinates
can be easily derived:

x = Lix1 + Loxy + L3x3 + Laxy
y=Liyi +Lay>+ L3y3 + Lays (9.10)
z=DL1z1 4+ Lyzo + L3z3 4+ L4z4

Equations (9.7) and (9.10) can then be expressed as a single matrix equation as follows:

1 1 1 1 L
X] X2 X3 X4 L»
yioy2 y3 yal||Ls
Z1 22 23 z4 | | L4

©.11)

N R =
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The inversion of Eq. (9.11) will give
Ly a, by ¢ d; 1
L> 1 {aa by ¢ do X
= — 9.12
L3 6V |az by c3 d3| |y 612
Ly as by cq dy| |z
where
XjoYjo Zj Loy oz
aj=det | xx yk zk |, bi=-—det|l w z
Xy iz
(9.13)
yi 1 z; yi zj 1
ci=—det|yy 1 zx|, di=—det|y zr 1
v 1 z i oz 1

in which the subscript i varies from 1 to 4, and j, k and / are determined by a cyclic
permutation in the order of i, j, k, [. For example, if i = 1, then j = 2,k = 3, = 4.
When i = 2, then j = 3, k = 4,1 = 1. The volume of the tetrahedron element V can be
obtained by

L xi yi oz

1 oy .
Ve ssdet| D XYE (9.14)

6 I Xk yreo

I xx y u

The properties of L;, as depicted in Egs. (9.6) to (9.9), show that L; can be used as the
shape function of a four-nodal tetrahedron element:

1
Ni=1L; = W(ai +bix +ciy +diz) (9.15)

It can be seen from above that the shape function is a linear function of x, y and z, hence, the
four-nodal tetrahedron element is a linear element. Note that from Eq. (9.14), the moment
matrix of the linear basis functions will never be singular, unless the volume of the element
is zero (or the four nodes of the element are in a plane). Based on Lemmas 2 and 3, we
can be sure that the shape functions given by Eq. (9.15) satisfy the sufficient requirement
of FEM shape functions.

It was mentioned that there are six stresses in a 3D element in total. The stress
components are {oyy 0z; Oy; Ox; Oxy). To get the corresponding strains,
{exx £xy}, we can substitute Eq. (9.1) into Eq. (2.5):

Oyy

Eyy Ezz Eyz Exz

¢ = LU = LNd, = Bd, (9.16)
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where the strain matrix B is given by

a/ox 0 0
0 9d9/dy O
0 0 d/0z
0 d/dz 9/dy

a/0z 0 d/0x

/0y d9/ax 0

Using Eq. (9.3), the strain matrix, B, can be obtained as

by 0 0 b 0 O b3 0O O by O O

0 C1l 0 0 2 0 0 Cc3 0 0 C4 0

1 0 0 &4 0 O d 0 0 da 0 0 d
2V cit bt 0 ¢ by 0O c¢3 by 0 ¢4 by O
0 di 1 0 dy ¢o 0 d3y ¢35 0 dy ca

d 0 by d 0 by dz 0 by dy 0 by

9.17)

9.18)

It can be seen that the strain matrix for a linear tetrahedron element is a constant matrix.
This implies that the strain within a linear tetrahedron element is constant, and thus so is
the stress. Therefore, the linear tetrahedron elements are also often referred to as a constant
strain element or constant stress element, similar to the case of 2D linear triangular elements.

9.2.2 Element Matrices

Once the strain matrix has been obtained, the stiffness matrix k., for 3D solid elements
can be obtained by substituting Eq. (9.18) into Eq. (3.71). Since the strain is constant, the

element strain matrix is obtained as

k, = / B'cBdV = V,B"cB
Note that the material constant matrix ¢ is given generally by Eq. (2.9).
The mass matrix can similarly be obtained using Eq. (3.75):

Nir Ni2 Niz Npig
N N N N
_ T _ 21 N2 Noz Ny
me_/ PN Ndv_f PIN3i Na» Niz Nig v
Niai Ng Niz Nag

where
NiN; 0 0
N;; = 0 NiN; 0
0 0 NiN;

Using the following formula [Eisenberg and Malvern, 1973],
m!n!plq!
m+n+p+qg-+3)!

e

/ LPLALY LT dV =

e

(9.19)

(9.20)

9.21)

(9.22)
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we can conveniently evaluate the integral in Eq. (9.20) to give

20 0 1 0010010 0

20 01 001 00T10

2 001 001001

200100100

20010010

oV, 200100 1
T 200 1 00 ©.23)

200 10

2.0 0 1

Sy. 2 0 0

2 0

. 2_

An alternative way to calculate the mass matrix for 3D solid elements is to use a special
natural coordinate system, which is defined as shown in Figures 9.5-9.7. In Figure 9.5, the
plane of £ = constant is defined in such a way that the edge P—Q stays parallel to the edge
2-3 of the element, and point 4 coincides with point 4 of the element. When P moves to
point 1, £ = 0, and when P moves to point 2, £ = 1. In Figure 9.6, the plane of = constant
is defined in such a way that the edge 1—4 on the triangle coincides with the edge 1-4 of the
element, and point P stays on the edge 2-3 of the element. When P moves to point 2, n = 0,
and when P moves to point 3, = 1. The plane of { = constant is defined in Figure 9.7,
in such a way that the plane P-Q-R stays parallel to the plane 1-2-3 of the element, and
when P moves to point 4, ¢ = 0, and when P moves to point 2, { = 1. In addition, the

Figure 9.5. Natural coordinate, where £ = constant.
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o

1 =constant

X

Figure 9.6. Natural coordinate, where 1 = constant.

4= ¢=0

{ =constant

=

Figure 9.7. Natural coordinate, where { = constant.

plane 1-2-3 on the element sits on the x—y plane. Therefore, the relationship between xyz
and £n¢ can be obtained in the following steps:

In Figure 9.8, the coordinates at point P are first interpolated using the x, y and z
coordinates at points 2 and 3:

xp =n(x3 —x2) +x2
yp=n(y3 —y2)+m»m (9.24)
zp=0

The coordinates at point B are then interpolated using the x, y and z coordinates at points 1
and P:

xp=&@p —x1) +x1 =&n(x3 —x2) + &2 — x1) + X1
yg=&(p —y1) +y1=&n(y; —y2) +§02 —y1) + )1 (9.25)

zp=0
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y

O [x=(1-0)(xy~xp)+xp, y=(1-0) (y4—yp) +yp. 2=(1-{) 24]

Figure 9.8. Cartesian coordinates xyz of point O in term of £n¢.

The coordinates at point O are finally interpolated using the x, y and z coordinates at points
4 and B:

X =x4 — (x4 —xp) = x4 — (x4 — x1) +E8(x2 — x1) —EC(x2 — x3)
Y=y4=C(ya—yB) =y4—C(ya—y1) +&EC(y2 —y1) —&C(y2 — ¥3) (9.26)
z2=0-=20)z4

With this special natural coordinate system, the shape functions in the matrix of Eq. (9.3)
can be written by inspection as

Ni=(-§&)

Ny =

2=§&n¢ ©.27)
N3y =£&¢(1—n)

Ny=(1-2¢)

The Jacobian matrix between xyz and £n¢ is required, and is given as

dx/0& 0dx/on 0x/d¢
J=|ay/ec ay/an ay/ac (9:28)
dz/0&§ 09z/on 9z/d¢

Using Eqgs. (9.26) and (9.27), the determinate of the Jacobian can be found to be

Cxo1 +n8x31 ECx3zr —x41 +Ex21 +Enx3
detlJ] = [Cy21 +n¢y31 ECyst —yar +Eyar + Enys| = —6VEL? (9.29)
0 24 0
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The mass matrix can now be obtained as
1,1 pl
m, = / oNTNdV = / f / oNTN det[J]d¢ dn dz (9.30)
Ve o Jo Jo

which gives

Ni1 Ni2 Niz Nug

1 plopl
_ 2 [ N2t N2 Npz Ny

me = —6Vep /0 /0 /O 2N N N N[ deana 9.31)
Niai Na Nyz Ny

where N;; is given by Eq. (9.21), but in which the shape functions should be defined by
Eq. (9.27). Evaluating the integrals in Eq. (9.31) would give the same mass matrix as in
Eq. (9.23).

The nodal force vector for 3D solid elements can be obtained using Egs. (3.78), (3.79)
and (3.81). Suppose the element is loaded by a distributed force f; on the edge 2-3 of the
element as shown in Figure 9.3; the nodal force vector becomes

£, = / INT"
l

If the load is uniformly distributed, f., fsx and f;, are constants, and the above equation
becomes

fsx
Ssy g dl (9.32)

34 fSZ

{0}31
{0}3x1
fsx
Jsy

l fYZ

Ssx

o=ty (9.33)
Jsz

{0}3><1

{0}31

{0}341

{0}3><1

where /34 is the length of the edge 3—4. Equation (9.33) implies that the distributed forces
are equally divided and applied at the two nodes. This conclusion also applies to evenly
distributed surface forces applied on any face of the element, and to evenly distributed body
force applied on the entire body of the element. Finally, the stiffness matrix, K., the mass
matrix, m,, and the nodal force vector, f,, can be used directly to assemble the global FE
equation, Eq. (3.96), without going through a coordinate transformation.
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9.3 HEXAHEDRON ELEMENT
9.3.1 Strain Matrix

Consider now a 3D domain, whichis divided in a proper manner into a number of hexahedron
elements with eight nodes and six surfaces, as shown in Figure 9.9. Each hexahedron element
has nodes numbered 1, 2, 3, 4 and 5, 6, 7, 8 in a counter-clockwise manner, as shown in
Figure 9.10.

As there are three DOFs at one node, there is a total of 24 DOFs in a hexahedron
element. It is again useful to define a natural coordinate system (&, n, ¢) with its ori-
gin at the centre of the transformed cube, as this makes it easier to construct the shape
functions and to evaluate the matrix integration. The coordinate mapping is preformed
in a similar manner as for quadrilateral elements in Chapter 7. Like the quadrilateral
element, shape functions are also used to interpolate the coordinates from the nodal

= = )‘4

p” § p”

Figure 9.9. Solid block divided into eight-nodal hexahedron elements.

4
-1,-1,1)5 8(-1,1,1)
5 8 )
! (1,-1,1)6 i |
l | i
6 l f 4 i ! (L1
: 7 - - : ’/n._. s = /|
120 - - 1 1! /
. 0 -1 ld;l)l ____________ 4-1,1,-1)
: 2 Six Fay e
: L-1-D2 |
o (1-1-02 |,
y 3 e 3(1,1,-1)

¢

Figure 9.10. An eight-nodal hexahedron element and the coordinate systems.
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coordinates:

8
x =Y Ni€n, )

i=1

8
Y=Y Ni& 0y (9.34)

i=1

8
2=y NiE.n. 0z

i=1

The shape functions are given in the local natural coordinate system as

N =30-8A - -0
Ny = (1 +&)(1 - —1¢)
N3 =g+ 61+ =0)
Ny=50 =50 +md-0)

(9.35)
Ns=g(1 =61 —n+7)
Noe=3(1+&A-mn1+0)
Ny =31+8A+n0+0)
Ny =311 -&A+n0+0)
or in a concise form,
Ni = g1+ EE)A + i) (1 +¢4) (9.36)

where (&;, n;, ¢;) denotes the natural coordinates of node /.

From Eq. (9.36), it can be seen that the shape functions vary linearly in the &, n and
¢ directions. Therefore, these shape functions are sometimes called tri-linear functions.
The shape function N; is a three-dimensional analogy of that given in Eq. (7.54). It is very
easy to directly observe that the tri-linear elements possess the delta function property. In
addition, since all these shape functions can be formed using the common set of eight basis
functions of

L& n,¢.én&c,n5,&ng (9.37)

which contain both constant and linear basis functions. Therefore, these shape functions
can expect to possess both partitions of the unity property as well as the linear reproduction
property (see Lemmas 2 and 3 in Chapter 3).
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In a hexahedron element, the displacement vector U is a function of the coordinates x,
y and z, and as before, it is interpolated using the shape functions

U = Nd, (9.38)
where the nodal displacement vector, d, is given by

d.; | displacement components at node 1

d.> | displacement components at node 2

d.3 | displacement components at node 3

d — d.s | displacement components at node 4 (9.39)
¢ d.s | displacement components at node 5 ’

d.s | displacement components at node 6

d.7 | displacement components at node 7

d.s | displacement components at node 8

in which

di={ul (=128 (9.40)
w1

is the displacement at node i. The matrix of shape functions is given by
N = [Nl N N3 Ns Ns N¢ Ny Ng] 9.41)

in which each sub-matrix, N;, is given as

N 0 0
N=|0 N 0| (=12....8 (9.42)
0 0 N

In this case, the strain matrix defined by Eq. (9.17) can be expressed as

B = [B1 B, Bs By Bs Bg By Bg] (9.43)
whereby
ON;/ox 0 0
0 dN;/dy 0
B, = LN; — 0 0 ON;/0z (9.44)

0 3N,'/3Z 8N,-/ay
8N,»/Bz 0 aNi/ax
dN;/dy 3N;/dx 0

As the shape functions are defined in terms of the natural coordinates, &, 1 and ¢, to obtain
the derivatives with respect to x, y and z in the strain matrix, the chain rule of partial
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differentiation needs to be used:
oN; dN; 0x dN; dy dN; 0z
& ox 06y 08 0z 08
dN; _ON;dx  ON;dy = 9N; 9z

—_—=— —_— _— 9.45
an ox 8n+8y 877+ dz an ( )
aNi _ 3Ni 0x + aNi E)y + 3Ni 0z
ac ~ dx dc  dy a¢ 9z ¢
which can be expressed in the matrix form
N, /0§ ON;/ox
ON;/on ¢ =J §0N; /0y (9.46)
ON;/d¢ ON;/0z

where J is the Jacobian matrix defined by

dx/0§ 0y/0§ 0z/0§
J=|0x/on dy/on 0dz/dn (9.47)
dx/dc dy/dc 0z/d¢C

Recall that the coordinates, x, y and z are interpolated by the shape functions from the
nodal coordinates. Hence, substitute the interpolation of the coordinates, Eq. (9.34), into
Eq. (9.47), which gives

[x1 vy 21
dN;y JONr» ON3 ONgs ONs ONg ON7 ONg X2 Y2
06 9§ 95 0§ 09§ 0§ 9§ 08 X3 ¥z 3
J— ON;y JON, ON3 ONgs ONs ONg ON7 ONg X4 V4 74 (9.48)
| an an an an an an an on X5 Y5 25 '
ON;y 0N, ON3 ONs ONs ONg ON7 ONg X6 Yo 26
a¢ ¢ ¢ a¢  dc  ar ¢ ¢ d|x oyrowm
Xg Yg 28

or
S xON; /05 Y vidN; /98 Y| z;0N; /0

J= |38 xoNi/an Y3 yiaN;/on Y5, z:0N;/on (9.49)
S XONi/dc YR yidNi/dc Y ZidN; /0t

Equation (9.46) can be re-written as

dN;/ox IN; /9E
aN; /oyt =J 1L aN;/on (9.50)
dN;/0z aN;/o¢

which is then used to compute the strain matrix, B, in Egs. (9.43) and (9.44), by replacing
all the derivatives of the shape functions with respect to x, y and z to those with respect to

& nand¢.
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9.3.2 Element Matrices

Once the strain matrix, B, has been computed, the stiffness matrix, K., for 3D solid elements
can be obtained by substituting B into Eq. (3.71):

+1 +1 +1
k, = / BTcBdA = / f / BT cB det[J]dé dnd¢ (9.51)
Ve —1 -1 -1

e

Note that the matrix of material constant, ¢, is given by Eq. (2.9). As the strain matrix, B,
is a function of &, n and ¢, evaluating the integrations in Eq. (9.51) can be very difficult.
Therefore, the integrals are performed using a numerical integration scheme. The Gauss
integration scheme discussed in Section 7.3.4 is often used to carry out the integral. For
three-dimensional integrations, the Gauss integration is sampled in three directions, as
follows:

+1 +1 +1 n m I
12./1 /1 /1 f(g’n)dgdn:ZZZwiijkf(Sivﬁj,Cj) (9.52)

i=1 j=1k=I

To obtain the mass (inertia) matrix for the hexahedron element, substitute the shape
function matrix, Eq. (9.41), into Eq. (3.75):

1 1 1
m, = / oNTNdV = f / / oNTN det[J]dé dnd¢ (9.53)
V, —1J-1J-1

The above integral is also usually carried out using Gauss integration. If the hexahedron is
rectangular with dimensions of a x b x ¢, the determinate of the Jacobian matrix is simply
given by

det[J] = abc =V, (9.54)

and the mass matrix can be explicitly obtained as

mp; mpz mj3 M4 mys mMje M7 mgg
mp; mp3 mmp4 mp5 Mg MmMp7 Mg

m33 m34 I35 mM3c mM37 I3g

m, = myy Mmys5 Mye MMy7 Mgy (9.55)
mss mse mMs7 IMsg

Mg Me7 Mg

Sy. m77 M7y
mgg |
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where
1 1 1
m;; :/ / / pabcN;N; d& dnd¢
—-1J-1J-1
1t [N O O][N; O 0
:pabcf / / 0O N O 0 N; O |dédndg
—1J/=1J=1 _O 0 N; 0 0 Nj
1 1 1 [ NiN;j O 0
=,0abc/ / / 0 NiN; 0 dé dnd¢ (9.56)
—H=rJ= o 0  NiN;
or
mij 0 0
m;; = 0 mij 0 (9.57)
0 0 mij
in which

+1 4l
mij =,0abc/ N;N;dédndg
-1 J-1

__ pabc
64

+1 +1
/1 (1+sis>(1+s,-s>ds/1 (1 + i) (1+ ;) dn

+1
y /1 (1+ 501 +¢j0) dg

phab
=3 (1 + %éiéj) (1 + %mnj) (1 + %é“i{j) (9.58)
As an example, m33 is calculated as follows:
b b
my= 20 (1 1) (14 x 0 x 1) (14 S x 1 x 1) =8 x 225 9.59)
8 216
The other components of the mass matrix for a rectangular hexahedron element are:
8pabc
milp = mp2 = Mm33 = N44 = M55 = Nee = M77 = Mgy = ————
216
mi2 = m33 = Mm34 = NMs56 = Me7 = N78 = M4 = Ns53 = mMi5 = e = m3s7
4pabc
= m48 =
216 (9.60)
M3 = ma4 = mMie = M5 = M36 = M47 = M57 = Mey = M7 = M38 = M45
2pabc
= m18 =
216

1pabc
216

mi7 = mag = M35 = N4e =
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Note that the equalities in the above equation can be easily figured out by observing the
relative geometric positions of the nodes in the cube element. For example, the relative
geometric positions of nodes 1-2 is equivalent to the relative geometric positions of nodes
2-3, and the relative geometric positions of nodes 1-7 is equivalent to the relative geometric
positions of nodes 2-8. If we write the portion of the mass matrix corresponding to only
one translational direction, say the x direction, we have

8 4 2 4 4 2 1 2

8 4 2 2 4 2 1
8 4 1 2 4 2
pabc 8 2 1 2 4
m, = 716 3 4 2 4 9.61)
8 4 2

sy. 8 4

- 8_

The mass matrices corresponding to only the y and z directions are exactly the same as m,.

The nodal force vector for a rectangular hexahedron element can be obtained using
Egs. (3.78), (3.79) and (3.81). Suppose the element is loaded by a distributed force f; on
edge 3—4 of the element, as shown in Figure 9.10; the nodal force vector becomes

fox
_ T
f, = /I [N] ‘341 ?y di (9.62)

If the load is uniformly distributed, f., fsx and f;, are constants, and the above equation
becomes

{0}3,1
{0}3,1
Ssx
fsy

| Jsz

Ssx

f, = 2l3_4 fur (9.63)
fSZ

{0}3x1

{0}3><1

{0}3><1

{0}3,1

where /34 is the length of edge 3—4. Equation (9.63) implies that the distributed forces
are equally divided and applied at the two nodes. This conclusion suggests also to evenly
distribute surface forces applied on any face of the element, and to evenly distribute body
forces applied on the entire body of the element.
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Figure 9.11. A hexahedron broken up into five tetrahedrons.

9.3.3 Using Tetrahedrons to form Hexahedrons

An alternative method of formulating hexahedron elements is to make use of tetrahedron
elements. This is built upon the fact that a hexahedron can be said to be made up of numerous
tetrahedrons. Figure 9.11 shows how a hexahedron can be made up of five tetrahedrons.
Of course, this is not the only way that a hexahedron can be made up of five tetrahedrons,
and it can also be made up of six tetrahedrons, as shown in Figure 9.12. Similarly, there is
more than one way of dividing a hexahedron into six tetrahedrons. In this way, the element
matrices for a hexahedron can be formed by assembling all the matrices for the tetrahedron
elements, each of which is developed in Section 9.2.2. The assembly is done in a similar
way to the assembly between elements.

9.4 HIGHER ORDER ELEMENTS
9.4.1 Tetrahedron Elements

Two higher order tetrahedron elements with 10 and 20 nodes are shown in Figures 9.13(a)
and (b), respectively. The 10-node tetrahedron element is a quadratic element. Compared
with the linear tetrahedron element (four-nodal) developed earlier, six additional nodes are
added at the middle of the edges of the element. In developing the 10-nodal tetrahedron
element, a complete polynomial up to second order can be used. The shape functions for
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Figure 9.12. A hexahedron broken up into six tetrahedrons.

(b)

Figure 9.13. Higher order 3D tetrahedron elements. (a) 10-node tetrahedron element; (b) 20-node
tetrahedron element.

this quadratic tetrahedron element in the volume coordinates are given as follows:

N; =Q@2L; — 1)L; forcornernodesi =1,2,3,4

Ns =4L,13

Ne¢ = 4L1L3

N7 =4L1L> . (9.64)
Ng = 4L, Ly for mid-edge nodes

No =4L,L4

Nig =4L3L4



218 CHAPTER 9 FEM FOR 3D SOLIDS

where L; is the volume coordinate, which is the same as the shape function for the linear
tetrahedron elements given by Eq. (9.15).

The 20-node tetrahedron element is a cubic element. Compared with the linear tetra-
hedron element (four-nodal) developed earlier, two additional nodes are added evenly on
each edge of the element, and four-node central-face nodes are added at the geometry centre
of each triangular surface of the element. In developing the 20-nodal tetrahedron element,
a complete polynomial up to third order can be used. The shape functions for this cubic
tetrahedron element in the volume coordinates are given as follows:

N; = %(SLi — 1)(BL; —2)L; forcornernodesi =1,2,3,4
Ns=33Li—DLiLy Ny =3GBL1 —1)LiLy
No¢=3(BLs—LiLs Niz = 3(3Ls — DLiLy
N7=3QBLy—DLiL, Ni3 =3BLy—1)LyLy
Ng=3(3Ly—DLiLy Ny =3BLs— DLyLy
No=3(3Ly— D)LL3 Nis = 3(3L3 — 1)L3L4 (9.65)
Nio=3(3L3 —1)LaLy Nig = 3(3L4 — 1)L3Ly4
Ni7 =27LyL3Ly
Nig =27L\LsL3
Nig =27L{L3Ly4
Nyo =27L{LsLy

for edge nodes

for centre surface nodes

where L; is the volume coordinate, which is the same as the shape function for the linear
tetrahedron elements given by Eq. (9.15).

9.4.2 Brick Elements

Lagrange type elements

The Lagrange type brick elements can be developed in precisely the same manner as the
2D rectangular elements described in Chapter 7. Consider a brick element with ny =
(n+ 1)(m + 1)(p + 1) nodes shown in Figure 9.14. The element is defined in the domain
of(—1 <&>1,—-1<n=>1,—1 < ¢ > 1)in the natural coordinates &, n and ¢. Due to
the regularity of the nodal distribution along the &, n and ¢ directions, the shape function of
the element can be simply obtained by multiplying one-dimensional shape functions with
respect to the &, n and ¢ directions using the Lagrange interpolants defined in Eq. (4.82)
[Zienkiewicz et al., 2000]:

Ni = N;PNJPNIP = &Il (s) (9.66)

Due to the delta function property of the 1D shape functions given in Eq. (4.83), it is easy
to confirm that the N; given by Eq. (9.60) also has the delta function property.
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(0,0,0) (n,0,0)

Figure 9.14. Brick element of arbitrary high orders.
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Figure 9.15. High order 3D serendipity elements. (a) 20-node quadratic element; (b) 32-node
cubic element.

Serendipity type elements
The method used in constructing the Lagrange type of elements is very systematic. However,
the Lagrange type of elements is not very widely used, due to the presence of the interior
nodes. A serendipity type of brick elements without interior nodes is created by inspective
construction methods as described in Chapter 7 for 2D rectangular elements.

Figure 9.15(a) shows a 20-nodal tri-quadratic element. The element has eight corner
nodes and twelve mid-side nodes. The shape functions in the natural coordinates for the
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quadratic brick element are given as follows:
Nj =g +&6U +nm 0+ 6j6)EE + 10+ s —2)
for cornernodes j =1,...,8
N; = }1(1 — 52)(1 +n;m(1+¢jc) for mid-side nodes j = 10,12,14,16  (9.67)
Nj =31 =11 +&&)(1+gjs) formid-side nodes j =9, 11,13, 15
N; = }1(1 — gz)(l +£&;&)(1 +n;n) for mid-side nodes j = 17, 18, 19, 20

where (§;, n;) are the natural coordinates of node j. It is very easy to observe that the shape
functions possess the delta function property. The shape function is constructed by simple
inspections, making use of the shape function properties. For example, for corner node 2
(where & = 1,1y = —1, & = —1), the shape function N, has to pass the following four
planes as shown in Figure 9.16 to ensure its vanishing at remote nodes:

1+ & = 0 = vanishes at nodes 1,4, 5,8, 11, 15,19, 20
n — 1 = 0 = vanishes at nodes 3, 4,7, 8, 10, 14, 18, 19

) (9.68)
¢ — 1 = 0 = vanishes at nodes 5, 6,7, 8, 13, 14, 15, 16
& —n— ¢ —2 =0 = vanishes at nodes 9, 12, 17
The shape N, can then be immediately written as
Ny =CA+HA - =-5)E—n—¢5—2) (9.69)

Figure 9.16. Construction of 20-node serendipity element. Four flat planes passing through the
remote nodes of node 2 are used.
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where C is a constant to be determined using the condition that it has to be unity at node 2
at (& =1, = —1, & = —1), which gives

1 1
C= = - 9.70
A+DAd-C)HAd-E=)HA-(=D - (=D -2) 38 670
We finally have
Ny = 51+ &6 A +mn) (1 + ©26)(E2E + man + 626 — 2) 9.71)

which is the first equation in Eq. (9.67) for j = 1.

Shape functions at all the other corner nodes can be constructed in exactly the same
manner. As for the mid-side nodes, say node 9, we enforce the shape function passing
through the following four planes, as shown Figure 9.17.

1+&£=0 = vanishesatnodes 1,4,5,8, 11, 15,19, 20
n—1=0 = vanishes at nodes 3,4, 7,8, 10, 14, 18, 19

) (9.72)
¢—1=0 = vanishes at nodes 5, 6,7, 8, 13, 14, 15, 16
n+1=0 = vanishesatnodes 1, 2,5,6, 12,13, 16, 17
The shape N5 can then be immediately written as
No=C1—-nH(1+&)(1—5¢) (9.73)

Figure 9.17. Construction of 20-node serendipity element. Four flat planes passing through the
remote nodes of node 2 are used.
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where C is a constant to be determined using the condition that it has to be unity at node 5
at (§9 =1, n9 = 0, o = —1), which gives

C= : = : _! (9.74)
(I=m)(1+81~-¢) (A-0HA+DA~(=1) 4

We finally have

1
No = 2(1— (1 + £8)(1 + o) 9.75)

which is the third equation in Eq. (9.67) for j = 9.

Because the delta function property is used for the construction of shape functions given
in Eq. (9.67), they of course, possess, the delta function property. It can easily be seen that
all the shape functions can be formed using the following common set of basis functions:

1,&,n, cén,ng, £¢, &%, 0%, 62,
2 2 2 2 2 2 &2 2 2 (9'76)
§ng.&n", 567, nE7 ng”, 687, 60", 6 ng, nég, Eng

that are linearly-independent and contain all the linear terms. From Lemmas 2 and 3, we
confirm that the shape functions are partitions of unity, and at least linear field reproduction.
Hence, they satisfy the sufficient requirements for FEM shape functions.

Following the similar procedure, the shape functions for the 32-node tri-cubic element
shown in Figure 9.15(b) can be written as

Nj =g (1+ 881 +nm (1 + ;)96 +9n° + 952 — 19)
for cornernodes j =1, ...,8
Nj = (1 =& +96) 1 +nn+gjs)
for side nodes with §; = :l:%, nj==xland ¢; = £1
Nj =g (=) +97;m + 61+ 5j¢)
for side nodes with n; = j:%, §j==xlandg; = %1
Nj =g (1 =)0 +95;)(1 + €)1 +n;m
for side nodes with ¢; = £1.&; = +1and n; = %1

(9.77)

The reader is encouraged to figure out what are the planes that should be used to form
the shape functions listed in Eq. (9.77). When ¢ = ¢ = 1, the above equations
reduce to a two-dimensional case of serendipity quadratic and cubic elements defined by
Egs. (7.107), (7.111) and (7.113).

9.5 ELEMENTS WITH CURVED SURFACES

Using high order elements, elements with curved surfaces can be used in the modelling. Two
relatively frequently used higher order elements of curved edges are shown in Figure 9.18(a).
In formulating these types of elements, the same mapping technique used for the linear



